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I. I. ARGATOV
St Petersburg
(Received 9 July 1998)

The three-dimensional contact problem for an elastic body of arbitrary geometry with a single plane face, into which a punch in
the shape of an elliptic paraboloid is indented, is considered. The curvilinear boundary of the body is partially clamped, and the
remaining boundary (outside the contact region) is stress-free. It is assumed that the dimensions of the contact area are small
compared with the characteristic dimension of the body. Using the method of matched asymptotic expansions a model problem
of unilateral contact without friction is derived for the boundary layer, which is solved using the apparatus of Hertz’s theory.
Asymptotic models of the contact interaction of different degrees of accuracy are constructed, including corrections to the geometry
and clamping conditions of the elastic body. The sensitivity of the parameters of the elliptic region of the contact to these factors
is investigated. © 1999 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

A punch in the shape of an elliptic paraboloid, acted upon by a system of forces with resultant Q and
moments M, and M, about horizontal axes, is gradually impressed without friction into the plane section
T of the boundary of an elastic body Q to a depth &; the body is clamped on the part I, and is stress-
free on I, and I, outside the contact region (see Fig. 1).

Suppose / is the radius of the largest hemisphere contained in Q with centre at the point O. We will
denote by € a small positive parameter and put

R =¢R, R,=¢R); 8,=¢d, (1.1)
Here R, and R, are the radii of curvature of the principal normal sections of the surface of the punch

at its vertex, where the quantities 5§ and R and R, are comparable with /.
The vector u = (uy, Uy, u3) of the displacements of points of the elastic body Q satisfies the problem

L(V, )u(g;x)=-uvV, - V_u(e;x) - l —u2v V.V -u(gx)=0, xeQ (1.2)

O3 (4;x)=05»(w;x)=0, xeT, (1.3)

- x2 x2
uy(€;x) = €8y — —Lo - —21, 04 (usx)<0

ua(€:X) — €8 + xlz +-—x—§-— (u3x)=0, xeT
== 0T 2R T 2eR; [ T ¢
o (u;x) =0, xel,;; uwEx)=0, xeT, (1.5)

Here p is the shear modulus, v is Poisson’s ratio, o3/(u) are the components of the stress tensor and
o™ is the stress vector on an area with normal n.

The contact area is unknown in advance and is determined by the condition for the contact pressures
to be positive
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p(x1, X3) = —O33(W; X1, X2, 0)

Clearly Ry, R, and §; define the dimensions of the contact area. In case (1.1) the latter turn out to be
small compared with the characteristic dimension ! of the body Q.

One of the purposes of this paper is to establish the relation between the force Q and the displacement
80, and also to determine the moments M, and M,. By Hertz’s theory, by virtue of equalities (1.1), we
can write

Q=¢¢" (1.6)

Problem (1.2)~(1.5) and related problems, including the unilateral contact conditions (1.4), have been
investigated using the theory of variational inequalities ([1-3], etc.). Asymptotic methods of
investigating variational inequalities have been developed ([4, 5], etc.). Analytic solutions of the contact
problem have been constructed for the case of a layer [6] and a wedge [7] by the “large A” method [8].
In this paper we use the method of matched asymptotic expansions [9, 10].

2. THE OUTER ASYMPTOTIC EXPANSION

We will denote Green’s vector function with a pole at the origin of coordinates by G. This satisfies
the relations

L(V)G(x)=0, xe Q (2.1)

03(G; x)=0, j=1,2,3; xe I'\O (2.2)
Gx) =T +0(), Ixk=(x?+x2+x2)% >0 (23)
o™ (G;x)=0, xely; G(x)=0, xeT, (2.4)

Here T is the solution of the Boussinesq problem (see, for example, [11]) on the action on the boundary
of an elastic half-space x; > 0 of a single point force, directed along the Ox; axis

AuT;(x) = x;xg 1x I (1 —2v)x; 1x 7 (Ix D)™, i=1,2 25

AmuTy(x) =x2 1x 12 4201 - V) Ix 1™

Suppose (to simplify the formulae) that the body Q is wholly contained in the half-space x; > 0. Then
the regular component of Green’s vector function

G(x) = T(x) + g(x) (2.6)

annuls the discrepancy in boundary conditions (2.4), which arise when the sum (2.6) is substituted there,
ie.

o (g;x)=-0"(T;x), .xel,; gx)=-T(x), xeT, 2.7



Indentation of a punch into the plane boundary of an elastic body 643

Moreover, as |x| — 0 the following expansions hold

6 9 .
80 =80+ 3 £, Vi0+ 2 £, Vi) +00xP) 28
k= =
3-’“—‘g,(x,,x,,0) = A+ Bx; + Byxp + Cyx +2Cpx,%, + Copxs + O((xf + %) (2.9)

l-v

Since the vector function g in the neighbourhood of the origin of coordinates satisfies the homogeneous
Lamé system (2.1) and boundary conditions (2.2), its Maclaurin series, generally speaking, will
contain 3(m+1) homogeneous vector polynomials Vi of degree m ([12, Chapter 13, Section 1] and
[13, Section 5.3])

Vi (), bz, xg) = £V (x) (2.10)

The constants on the right-hand side of (2.9) are determined by the shape and dimensions of the
body Q and the nature of its clamping, and depend on the value of Poisson’s ratio. If L has the dimension
of length, the dimensions of the quantities 4, B; and C;; (i,j = 1, 2) are L L2and L3, respectively.

When the parameter ¢ is reduced the area of distribution of the contact pressures contracts to the
punch vertex. Hence, at a distance from it the stress—strain state of the body Q is approximately described
by the solution of the problem of the action on its boundary at the point O of a point force of value Q
(see (1.6))

v(e; X) = £20°G(x) (2.11)

3. THE INNER ASYMPTOTIC EXPANSION
In the region of local perturbations we will introduce the “extended” coordinates

E=E1En8) &i=¢lx (3.1

Here parts of the body boundary, on which boundary conditions (1.5) are specified, are further than
&' from the origin of coordinates (bearing the new scale in mind). As a result of this the problem for
the inner asymptotic expansion is formulated in the half-space &; = 0. Relations (1.2)~(1.4) give

LV )w(e§=0, & <0 (3.2)
G5 (W;§) =0pn(W;H)=0, §3=0 (3.3)

we(6: 5 = e(8; ~ 0" (§1.8,)), On(W;H=0
[ws(e: )~ £8p ~ @ €1, &0 (W, H =0, &5 =0 (34)

O (&1,82) = @R G + @R;) 8
Formulae (3.2)(3.4) are closed by the condition of the behaviour of w(e; &) as |§| — oo, which we obtain

by matching with (2.11).
In the matching region {x: V(e)l/2 < |x| < V(g)I}, for small values of ¢, we obtain

6
v(e;ep = ezgn[g-l']'(g) +g0)+ eEl gl',‘V,‘,(g) + O(a)] (3.5)

(we have grouped the binomial expansion (2.8) together with relations (2.11) and (2.6), we have made
the replacement (3.1) and we have taken into account relations (2.5) and (2.10)). Hence, from expression
(3.5) we will have

w(e;D=eQ"T(H+e’V' (€D +00 &), 1§ (3.6)



644 I. I. Argatov

. * 6
ViED=0ls0)+e3 IMAG) (3.7)

Retaining only the first term on the right in (3.6) we arrive at the equations of Hertz’s theory. Taking
into account the terms from the right-hand side of (3.7), we obtain models which refine it to various
degrees of accuracy.

We will represent the solution of problem (3.2)—(3.4), (3.6) in the form

wEp =€V (e H+eW(Ed (3.8)
The vector V* satisfies relations (3.2) and (3.3), where o33(V*; &, &z, 0) = 0. The third component of
vector function (3.7) when &; = 0 remains the trace (see (2.10))

2 ©51.50.0) = QIA + (B + BiEo)) (39)
Substituting (3.8) into (3.2)—(3.4) and (3.6), we arrive at the problem

LV)WEDH=0, & <0
o3 (W; ) =0n(W; =0, §=0

Wa(e:0 =8y - B €.E) ~ Vs (65, Ox(W;H<0 (3.10)
[Wa(€: 6 - 8g + D' (),8) +€V5 (£: D055 (W; B =0, §3=0

W(e; £) = Q'T(E) + O(E?), IEl— oo

We obtain its solution by using well-known results (see, for example [14, 15]).
In case (3.9) the contact area is bounded by an ellipsoid.

4. THE FIRST CORRECTION

Suppose a = ea* and e are the major semiaxis and eccentricity of the elliptical contact area.
We will assume that the larger of the radii of curvature is denoted by R;. Then, confining ourselves
solely to the first terms in (3.7) and (3.9), we obtain the equations ([15, Chapter 5, Section 6.5])

-4

30 (1-vg’
~e0"A="=K(e), 0= o (4.1)
130" __3Q B(e)
B a0 RIS “2)

D(e) = e 2[K(e) - E(e)], B(e) = e {E(e) - (1 - e)K(e)]

where K and E are the complete elliptic 1ntegals of the first and second kind.
Note that the quantity * has dimension L*.
The eccentricity of the contact area can be found from the equation

(l e )D(e) (4.3)
R[ B(e)

after which we express a* in terms of Q* from (4.2) and substitute into (4.1). We obtain

& %
80—06(e T] +£QA (4.4)
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2, %
. .;_&%, cs(e) = K(e{g—(:i_(—:)—)) (4.5)
2

The equation relating the value of the punch pressing force and the punch displacement can be
rewritten, reverting to the use of the real scale, in the form

8= ca(e)[T) +04, 0= d ;n\:Q (4.6)

where R is the harmonic mean of the radii of curvature R; and R;.
We will now express Q in terms of §;. With the same accuracy with which we wrote Eq. (4.4), we put

=0, +eQ; O = JR': SB%cg%(e) 4.7

(the quantity Q¢ is found from (4.4) with & = 0).
We substitute (4.7) into (4.4), replace the increment of the first term by its differential and, neglecting
quantities of the order of &%, we obtain

sx_ BRA o (4.8)
Q ch(e) %

Thus, (4.6) is supplemented by the following relation

Q=J— R} _3RAS) (4.9)
cgé(e) 2c5(e)

For the characteristic dimension of the contact region (in the “extended” scale) by (4.7) we have the
representation

a" =ag+ea’; ag=+R"Syc,(e)

2 %
T =-R'5;A 2 = (__.___E("’)
q 0 e ’ ca(e) K(e)(l _ez)

Finally, the contact pressure can be calculated from the formula ([15, Chapter 5, Section 6.5])

(4.10)

2

= 30 x'z X3
p(xlyx2)"2na27'—=l_e2 \/l—?—m (411)

5. THE SECOND CORRECTION

Retaining both terms in (3.7) we find that the following equation must be satisfied inside the contact
region (see (3.10))

2 2
Wo(6:E1.62,0) = 8 - Sl 5L — oA~ €20 (B, + B =
I 2

=8, -e0"A- 21-27«; -E)+0(e), & =-¢0"R'B

(the complete squares are distinguished). Consequently, in the case considered we again arrive at
Eqs (4.1)-(4. 6) with the sole difference that the centre of the contact spot is shifted to a point with
coordinates £ (i = 1, 2), or, which is the same thing
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o 1~ .
x; h%m, i=1,2 (5.1

The law of the contact-pressure distribution has the form (4.11), where on the right we must replace
x; and x, by x;-x° and x,—x°, respectively.
However, formulae (4.7) and (4.8) can be refined to give
~ % ~ % ~ & ~ ~% 2 ‘% 2 L
R X (5:2)
8cgi(e)

For the moments of the system of loads which keep the punch in a vertical position, we obtain the
expressions

M, =x;0, M,=-xQ (5.3)

From the representation of the solution of problem (3.10) in the form of the generalized potential
of a simple layer, we obtain the expansion

] 2 £ ] i 2 ]
WEdH=0'T®+3 M SO+ z My SE®+01EM?), 1§ e
i=l n=0

(5.4)
: MO o1 TB  gan PT®
sOp=--==, sP@=7> s*"O=-m55
L) %, a5 ™"a82
The integral characteristics of the pressure possess the following values
M, =Q'8;, M;=-Q (5.5)

*
My,

%[‘ @] M -tme M =Lla%-e@r] 6

6. REFINEMENT OF THE CONSTRUCTION
OF THE ASYMPTOTIC FORM

In (5.4) we make a replacement of the coordinates that is the inverse of (3.1) (the factor € on the
left is set on account of (3.8))

eW(e;e'x) ~ 20" T(x) + €* z M;SO(x)+¢e* z M, SE(x)+... (6.1)
i=l

By the method of matched expansions the terms written on the right in (6.1) mainly define the nature
of the singularity in the point O of the outer asymptotic expansion.

When refining (2.11) we bear in mind that coefficients (5.5) are of the order of €2 (see (5.1)), and
we write the outer asymptotic expansion of the initial problem (1.2)—(1.5) in the form

v(g;x) = QG(x) + ,\2: M, ,G*"(x) (6.2)

n=0

where we have introduced the polymoments (as the forces Q are also not defined at this stage)
M,,=¢*M,;,, n=0,12 (6.3)
The vector function G* ™ satisfies relations (2.1), (2.2), (2.4) and (2.5) and also the relation

G®)(x)=8*"x)+0(1), Ixi->0

The result of matching the outer asymptotic expansion (6.2) and the inner asymptotic expansion,
instead of relation (3.6), will be as follows:
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w(e d=eQ"T(H+ eﬁ M SEE+V (©H+ 00 E*), 1El> = (6.4)
n=1

Here, by (2.8) and (2.9)
. . § 1 23 2 23 4 @
V(=0 [8(0)+ £ 2:. Vi) +e g 82t Vi (§)] +€ go M, g (0)

2 "
TV @88 0=0'a e ZOM AT 4

+ Q(E(BE, + ByE,) +€X(C B +2CE,E, + Cptd)] (6.5)

By separating the polynomial part, we can represent the solution of the problem for the boundary
layer (3.2)-(3.4) and (6.4) in the form (3.8), here the vector W satisfies problem (3.10), in which we
must make the substitution (6.5) and replace the last relation as follows:

WED=0"T®+ 3 M, S (®+00EM), 1§
n=0

7. THE THIRD CORRECTION

In the general situation the coefficient Cy; in (6.5) is non-zero. The elliptic contact region then turns
out to be turned with respect to the axes of coordinates by a certain angle ¢. If RT = R, then ¢ is defined
by the quadratic form

2 CiE&;(Cy =Cpp)
i, j-
If R} > R?, then, for small ¢, retaining only the leading term we have
=-£'0; el 2”' L (7.0)
R-R,

where Qg is given by the second formula of (4.7).
To determine the characteristics of the contact regxon and the relation between the force and
the displacement (retaining only terms up to the order of &> inclusive) we have the equations

5p -0 A~¢ 5 MO AR = 3Q ZrK(e) (7.2)
n=0
L ve%205C, =22 Do), = +s32é;c22=1%--n(—’); (7.3)
\ a R, a” l-e

The quantities M;%, = (1 - v)(2rpu)™ MY, by (5.6), take the values

L

~;3-=—ao M} =0, M22=g' 2(1-€3) (7.4)

Here Qp, a% and e are the solution of system (7.2), (7.3) when ¢ = 0.

It is assumed that the left-hand side of the first equation of (7.3) is less than the left-hand side of the
second, so that the major axis of the ellipse, which bounds the contact region, is oriented along the
abscissa axis. When R} = R}, the coefficients Cy; and C5; in (7.3) must be replaced by the smaller and
larger eigenvalues of the matrlx || Cy ||, respectively.

Without loss of accuracy we can denve from (7.3)

R, 3a 5k (1 - )D(e)
7?,2"(”8 2051C, 1R - CxR3]) = e (1.5)
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Of course, the eccentricity of the contact area, generally speaking, also depends on the force acting on
the punch.

We will denote the root of Eq. (4.3) by ;. Then the result of the approximate solution of Eq. (7.5)
has the form

e’ = ey —£°20,(C,\ R} - CyRy)e, (eo) (7.6)
- 2B(e,)” . Cle)=e2[D(e) - 7.7
cle)=g eoClen) + BleDieD)” (€)= e~“[D(e) - B(e)] (7.7)

In deriving (7.6) and (7.7) we used formulae for the complete elliptic integrals and their derivatives
given in [16, Chapter 9, Section C, Subsection 2.3].

The equatiop relating the force and the displacement can be obtained by substituting the value of
a* in terms of Q' and e, found from (7.3), mto (1.2). The asymptotic form of its solution (the dependence
of @ on 8%, up to terms of the order of *) is constructed by using (7.6).

8. REMARKS

At the next stage of refining the construction of the asymptotic form, generally speaking, the conditions which ensure
the ellipticity of the contact area will not be satisfied in the model problem for the boundary layer {17, Section 3].

Formulae (4.10), (5.1), (7.1) and (7.6) show the sensitivity of the parameters of the contact spot to the dimensions,
shape and clamping conditions of the elastic body.

We recall that A = 4npu(1-v) 'g5(0), where g; is the component of the regular part of Green’s vector function
normal to the boundary. Using Betti’s formula we obtain the representation

0= e™Gix)-gmds+ | o(gx)-G(x)ds
I, I's
When T, is not present and I, divides the half-space into two parts © and €, it is easy to prove that the coefficient
A is negative. Thus, by (2.7)

2.0 =- | o™ (gx)-gx)ds+ | o (T;x)- T(x)ds
3 £, I

Suppose E(Q; u) is the potential energy of elastic deformation, corresponding to the displacement field u, stored
by the body I'. Then, using a well-known method [18] and Clapeyron’s theorem, we obtain

8,(0) = 2E(Q;8) - 2E(Qo0; T)
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